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Abstrat
A symmetri version of the well-known SPM model for sandpiles is
introdued. We prove that the new model has xed point dynamis.
Although there might be several xed points, a preise desription of the
xed points is given. Moreover, we provide a simple losed formula for
ounting the number of xed points originated by initial onditions made
of a single olumn of grains.
Keywords: SOC systems; sandpiles; xed point dynamis; disrete dynamial
systems.
1 Introdution
Self-Organized Critiality (SOC) is a very ommon phenomenon whih an
be observed in Nature. It onerns, for example, sandpiles formation, snow
avalanhes and so on [1℄.
Pratially speaking, it an be desribed as follows. Consider an evolving
system. After a while, the system reahes a ritial state. Any further move
from this ritial state will ause a deep spontaneous reorganization of the whole
system. No external parameter an be tuned to ontrol this reorganization.
Thereafter, the system starts evolving to another ritial state and so on.
Sandpiles are a very useful model to illustrate SOC systems. Indeed, onsider
toppling sand grains on a table, one by one. Little by little a sandpile will start
growing and growing until the slope reahes a ritial value. At this moment,
any further addition of a single sand grain will ause asades of grains and
deep reorganization of the whole pile. Afterwards the sandpile restarts growing
to another ritial state and so on.
A formal model for sandpiles, alled SPM, has been introdued in [6, 7, 8℄.
The sandpile is represented by a sequene of olumns. Eah olumn ontains
a ertain number of sand grains. The evolution is based on a loal interation
rule (see Setion 2): a sand grain falls from a olumn A to its right neighbor B
if A ontains at least two grains more than B; otherwise there is no movement.
The SPM model has been widely studied [2, 6, 11, 3, 10, 9℄. In partiular, it
has been proved that it has xed point dynamis and a losed formula has been
given to alulate preisely the length of the transient to the xed point [6℄.
Moreover, a preise desription of the xed point has been given [7℄.
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All these results are very interesting but they have two main drawbaks.
First, they lak generality; indeed, the xed point results are always obtained
starting from very speial initial sandpiles (just one olumn). In [5, 4℄, we
tried to solve this problem by giving a fast algorithm for nding the xed point
starting from any possible initial ondition. Seond, the model laks symmetry;
in fat, grains either stay or move to the right only. Remark that in Nature,
sandpiles evolve absolutely in a symmetrial manner.
In this paper we introdue SSPM: a symmetri version of SPM. The new
model follows the rules of SPM but it applies them in both diretions. For
tehnial reasons that will be learer later, we allow only one grain to move per
time step.
We prove that SSPM has xed point dynamis. This is not a great surprise.
To validate the new model, one should give a preise desription of these xed
points and ompare their shape with those of sandpiles in Nature.
To this extent we use a formal onstrut whih allows a better desription
of the dynamis: orbit graphs. They are direted graphs of the relation being
son of. In Setion 3.2, the preise struture of their verties is given (under
the ondition of onsidering initial ongurations made by a single olumn):
a onguration belongs to some orbit graph if and only if it admits a razed
LR-deomposition (see Setion 3.2).
Pratially speaking, a onguration admits a razed LR-deomposition if it
an be deomposed into an inreasing part L and a dereasing part R and both
in L and in R any two plateaus (i.e. onseutive olumns of idential height) are
separated by at least a li (i.e. onseutive olumns with height dierene
stritly greater than 1).
The speial struture of the verties allows a very useful desription of the
xed points: they are ongurations whih admit a razed LR-deomposition
without lis.
Finally, using this haraterization of the shape of xed points we provide
a losed formula whih omputes the number of xed points originated from
the initial onguration (n) (a single olumn ontaining n grains). The surprise
is that the formula is ⌊√n⌋. Unfortunately, we have no pratial or visual
explanation for suh a formula.
2 The SPM model
A sandpile is a nite sequene of integers (c1, . . . , ck); k ∈ N is the length of the
pile. Sometimes a sandpile is also alled a onguration. Let C = ⋃k∈N(N+)k
be the set of all ongurations.
Given a sandpile (c1, . . . , ck), the integer n =
∑k
i=1 ci is the number of
grains of the pile. Given a onguration (c1, . . . , ck), a subsequene ci, . . . , cj
(with 1 ≤ i < j ≤ k) is a plateau if ch = ch+1 for i ≤ h < j; s = i− j + 1 is the
length of the plateau and p = ci its height. A subsequene ci, ci+1 is a li if
ci − ci+1 ≥ 2.
In the sequel, eah sandpile (c1, . . . , ck) will be onveniently represented on
a two dimensional grid where ci is the grain ontent of olumn i.
A sandpile system is a nite set of rules that tell how the sandpile is up-
dated. SPM [6℄ (Sand Pile Model) is the most known and the most simple
sandpile system. All initial ongurations ontain n grains in the rst olumn
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and nothing elsewhere i.e. they are of type (n). It onsists in only one loal rule
whih moves a grain to the right whenever there is a li (see Figure 1).
Figure 1: loal rule of SPM.
Formally, for any onguration c, if there exists i ∈ N suh that ci−ci+1 ≥ 2,
then c evolves to c′ aording the following relations:{
c′i = ci − 1
c′i+1 = ci+1 + 1 .
This proess is iterated until the rule annot be applied anymore. We say
that a xed point is reahed.
Along the evolution of the pile, the rule may be appliable at dierent plaes
in the onguration. To illustrate this, we represent the set of reahable ong-
urations (starting from a single olumn) on an oriented graph where the verties
are the ongurations. There is an edge between two ongurations c1 and c2
when c2 an be obtained by applying the loal rule somewhere in c1 (see Figure 2
for an example, starting from a single olumn with 8 grains). This is alled the
orbit graph of the initial onguration c, denoted by Gc.
Figure 2: G(8), orbit graph of a single pile with 8 grains for SPM.
The following theorem proves that the xed point is unique, independently
of the order of appliation of the loal rule.
Theorem 1 ([6℄). For any integer n, G(n) for SPM is a lattie and is nite.
The following lemma haraterizes the elements of the lattie.
Lemma 2 ([7℄). Consider a onguration c and let n be its number of grains.
Then, c ∈ G(n) for SPM if and only if it is dereasing and between any two
plateaus of c there is at least a li.
Remark 1. Consider a onguration c, and assume that c ontains a plateau
of length 3. Suh a plateau an be seen as two onseutive plateaus of length 2.
Thus, by Lemma 2, c does not belong to any orbit graph.
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From Lemma 2, it is easy to see that a xed point Π is a dereasing ong-
uration with no lis and at most one plateau. Therefore for any n ∈ N, we an
desribe the xed point Π of (n) by
Π =
{
(p, p− 1, . . . , 1) if q = 0 ,
(p, p− 1, . . . , q + 1, q, q, q − 1, . . . , 1) otherwise,
where 〈p, q〉 is the unique deomposition of n in its integer sum:
n = q +
p∑
i=1
i = q +
p · (p+ 1)
2
.
3 The symmetri model
In this setion we extend SPM to SSPM (Symmetri SPM) aording to the
following guidelines:
• a grain an move either to the left or to the right, if the dierene is more
than 2;
• when a grain an move only in one diretion, it follows the SPM rule
(right) or its symmetri (left).
For all ongurations c = (c1, . . . , ck), the following loal rules formalize the
above requirements:
V ri (c1, . . . , ck) =
{
(c1, . . . , ci−1, ci+1+1, . . . , ck) if i 6= k ,
(c1, . . . , ck−1,1) otherwise,
V li (c1, . . . , ck) =
{
(c1, . . . , ci−1+1, ci−1, . . . , ck) if i 6= 1 ,
(1, c1−1, . . . , ck) otherwise.
Let δri (c) denote the dierene between the grain ontent of olumn i and
the one of olumn i + 1 of c; dene δrk(c) = ck. Similarly, δ
l
i(c) denotes the
dierene between the grain ontent of olumn i and the one of olumn i− 1 of
c with δl1(c) = c1.
Notation. For a, b ∈ N with a < b, let [a, b] denote the set of integers between
a and b.
From the loal rule we an dene a next step rule f¯ : C 7→ P(C) as follows
f¯ (c) =
{
V ri (c) | δri (c) ≥ 2, i ∈ [1, k]
} ∪ {V li (c) | δli(c) ≥ 2, i ∈ [1, k]} .
Finally, using the next step rule, one an dene the global rule whih de-
sribes the evolution of the system from time step t to time step t+ 1 :
∀S ∈ P(C), f(S) =
⋃
c∈S
f¯ (c) .
When no loal rule is appliable to c, i.e. f({c}) = ∅, we say that c is a xed
point of SSPM. For n ∈ N, let fn denote the n-th omposition of f with itself.
The notion of orbit graph an be naturally extended to the symmetri ase
by using the funtions V ri and V
l
i . In the sequel, when speaking of orbit graph,
we will always mean the orbit graph w.r.t. the SSPM model.
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3.1 Fixed point dynamis
In this setion we prove that SSPM has xed points dynamis. This result
is obtained by using a potential energy funtion and by showing that this
funtion is positive and non-inreasing.
Given a onguration c = (c1, . . . , ck), the energy of a olumn ci (i ∈ [1, k])
is dened as follows
ε(ci) =
ci∑
j=1
j .
Therefore, the total energy of a onguration c = (c1, . . . , ck) is naturally dened
as
E(c) =
k∑
i=1
ε(ci) .
Lemma 3. Consider a onguration c = (c1, . . . , ck) with n grains. Then it
holds that E(c) ≤ E((n)); equality holds if and only if c = (n).
Proof. Remark that n =
∑k
i=1 ci. Dene h(i) =
∑c1+c2+···+ci
j=c1+c2+···+ci−1+1
j. Then,
E((n)) =
∑n
j=1 j an be rewritten as E((n)) =
∑k
i=1 h(i). Note that h(i) ≥
ǫ(ci) for any i ∈ [1, k]; equality holds if and only if i = 1.
The funtion E an be naturally extended to work on set of ongurations
as follows
∀S ∈ P(C), E(S) = max {E(c), c ∈ S} ,
with E(∅) = 0.
The following lemma is straightforward from the denition of the energy
funtion.
Lemma 4. For any set of ongurations S 6= ∅, E(f(S)) < E(S).
The following simple proposition desribes the general struture of the orbit
graph.
Proposition 5. For any initial onguration c, Gc is nite, ontains at least a
xed point but no yles.
Proof. If f¯ (c) = ∅ i.e.  is a xed point, then we are done. Assume that c
is not a xed point. Remark that its energy is nite. By Lemma 4, it holds
that E({c}) > E(f({c})) and E(f t({c})) > E(f t+1({c})) for t > 1 (unless
f t({c}) = ∅). Sine E is a positive funtion, there must exist h ∈ N suh that
fh({c}) = ∅. Then, fh−1({c}) ontains a xed point. If fh({c}) = ∅, then the
orbit graph Gc is nite, sine |f t({c})| is nite for any t ∈ N.
Finally, there are no yles in Gc otherwise the elements of the yle would
ontradit Lemma 4.
The following orollary is given only to further stress the result of Proposi-
tion 5.
Corollary 6. SSPM has xed point dynamis.
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Figure 3: G(5), orbit graph of a single pile with 5 grains for SSPM. Remark that
there are two distint xed points.
Corollary 6 says that independently of the order of appliation of loal rules
both with respet to type of rule and to the appliation site, SSPM evolves
towards a xed point. The problem is that this xed point might not be unique.
Figure 3 gives an example of this fat.
Despite the non-uniqueness, in the next setion we give a preise harater-
ization of the struture of the xed points. This haraterization is essentially
dedued from the properties of the verties of the orbit graphs.
3.2 Orbit graphs
In [7℄, the authors preisely desribed the struture of the orbit graph of SPM
when started on initial ondition (n). They proved that it is the graph of a
lattie. As a onsequene, they dedued the uniqueness of the xed point for
SPM.
We have already seen that in the SSPM ase, the dynamis is of xed point
type, but the xed point might not be unique. Hene, it is lear that the orbit
graph of SSPM is no more the graph of a lattie. In this setion, we detail the
overall struture of the verties of these graphs.
A onguration c = (c1, c2, . . . , ck) is LR-deomposable if it an be divided
into two zones : L(c) = [1, t], R(c) = [t+ 1, k] suh that
1. ∀i ∈ L(c), i 6= t, ci ≤ ci+1 i.e. L(c) is non-dereasing;
2. ∀i ∈ R(c), i 6= k, ci ≥ ci+1 i.e. R(c) is non-inreasing.
Figure 4(a) give an example of LR-deomposition. For any onguration c,
let T (c) = {i ∈ [1, k], ∀j ∈ [1, k], ci ≥ cj}. In the sequel, T (c) is alled the top of
c, see Figure 4(b).
Given a onguration c = (c1, c2, . . . , ck), a set of onseutive indexes I ⊆
[1, k] is razed if any two plateaus in I are separated by at least a li. A
onguration c has a razed LR-deomposition if it admits a LR-deomposition
in whih both R(c) and L(c) are razed.
A onguration might have several dierent LR-deompositions. The fol-
lowing propositions tell whih of them we are interested in. The proof of Propo-
sition 11 will be made progressively, using several tehnial lemmas.
Lemma 7. Consider n ∈ N and c ∈ G(n). Then c is LR-deomposable.
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L(c) R(c)
(a) LR-
deomposition.
T(c)
(b) The top of c.
Figure 4: deomposition of a onguration c.
Proof. The thesis is trivially true for the initial onguration (n). Now assume
that c ∈ G(n). Let L(c) = [1, t], R(c) = [t + 1, k] be a LR-deomposition of c.
Consider d ∈ f¯ (c) and assume that d = V ri (c). We have three ases:
1. i = t; then L(d) = L(c) \ {t} and R(d) = R(c) ∪ {t}. L(d) is non-
dereasing sine L(d) ⊆ L(c). R(d) is non-inreasing sine dt ≥ dt+1 and
R(c) ⊆ R(d);
2. i ∈ [t + 1, k − 1]; then L(d) = L(c) and R(d) = R(c). Of ourse L(d) is
non-dereasing and R(d) is non-inreasing.
3. i = k; then L(d) = L(c) and R(d) = R(c) ∪ {k + 1}. Of ourse L(d) is
non-dereasing. R(d) is non-inreasing sine R(c) ⊆ R(d) and dk ≥ 1.
The proof is similar if d = V li (c).
Lemma 8. Consider n ∈ N and c ∈ G(n). Let T (c) be the top of c. Any LR-
deomposition of c is suh that both L(c)\T (c) and R(c)\T (c) have no plateaus
of size stritly greater than 2.
Proof. Consider n ∈ N and c ∈ G(n). Remark that if c = (n) then the thesis
is true. Now, assume that c 6= (n), then c should have an anestor in G(n).
We prove the thesis for R(c) \ T (c) by ontradition. Assume that there exist
a plateau of size m > 2 in R(c) \ T (c) i.e. there exists i ∈ R(c) \ T (c) suh
that ci = ci+1 = . . . = ci+m−1. By the hypothesis we know that ci−1 > ci and
ci+m−1 > cm (we assume ck+1 = 0).
Consider a onguration d suh that c ∈ f¯ (d) and c = V rj (d) for j ∈ [i −
1, i +m − 1]. Then, d is not LR-deomposable and, by Lemma 7, it does not
belong to G(n). A onguration d suh that c = V lj (d) for j ∈ [i, i +m] is not
LR-deomposable either, d 6∈ G(n). The proof for L(c) \T (c) is very similar.
Lemma 9. Consider n ∈ N and c ∈ G(n). Let T (c) be the top of c. Any
LR-deomposition of c is suh that both L(c) \ T (c) and R(c) \ T (c) are razed.
Proof. Let c be a onguration where R(c) \ T (c) is not razed, i.e. c ontains
two plateaus not separated by a li. Then there are two indies i, j ∈ [t, k],
i < j, suh that ci−1 > ci = ci+1, cj = cj+1 > cj+2 and for all h ∈ [i+ 1, j − 1],
ch = ch+1+1. Let δ = j− i, we prove that c 6∈ G(n) by indution on δ. If δ = 1,
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Lemma 8 proves the thesis. Suppose the result is true for every δ ∈ [1,m], and
that we have δ = m + 1. Let c be a onguration whih ontains two plateaus
not separated by a li, at distane j − i = m+ 1. Consider a onguration d
suh that c ∈ f¯ (d) and c = V rh (d) for h ∈ [i − 1, j + 1]. We have the following
ases:
• h = i − 1; then di−1 > di < di+1, d is not LR-deomposable, d 6∈ G(n) by
Lemma 7;
• h ∈ [i, j− 2]; then there is a plateau in d at position h+1 and the plateau
at position j is unhanged, by indution over δ it holds that d 6∈ G(n);
• h = j − 1; dj−1 > dj < dj+1, d is not LR-deomposable, Lemma 7 says
that d 6∈ G(n);
• h = j; there are two plateaus in d at position j − 1 and i, we have that
d 6∈ G(n) by indution over δ;
• h = j + 1; dj−1 > dj < dj+1, d is not LR-deomposable, from Lemma 7
d 6∈ G(n).
Choose d suh that c ∈ f¯ (d) and c = V lh(d) for h ∈ [i, j + 2]. The only possible
values for h are the non-dereasing parts in c, i.e. h ∈ {i+ 1, j + 1}:
• if h = i+1; there are two plateaus in d at position i+1 and j, by indution
over δ it holds that d 6∈ G(n);
• if h = j + 1; dj−1 > dj < dj+1 and from Lemma 7, d 6∈ G(n).
Therefore among all the anestors of c whih reate the plateaus, none is in G(n),
hene c 6∈ G(n). A similar proof an be done if L(c) \ T (c) is not razed.
It is obvious that the ardinality of T (c) is bigger of equal to 1 for all on-
gurations. Using very simple examples one an verify that |T (c)| an also be
equal to 2, 3 or 4. The following result proves that these are the only possible
values for the ardinality of T (c) when c belongs to an orbit graph.
Lemma 10. Consider n ∈ N and c ∈ G(n). Then |T (c)| ≤ 4.
Proof. If c = (n) then the thesis trivially holds. Assume that c 6= (n), then c
should have an anestor in G(n). By ontradition, let |T (c)| > 4.
Consider a LR-deomposable onguration d suh that c ∈ V li (d) for i ∈
T (c). Then, aording to Lemma 7, d has only two possible pre-images
1) . . . , dl − 1, dl + 1, dl+1, dl+2, dl+3, . . . with dl+1 = dl+2 = dl+3 ;
2) . . . , dm−4, dm−3, dm−2, dm−1 + 1, dm − 1, . . . with dm−4 = dm−3 = dm−2 ;
where l = minT (d) andm = maxT (d). Both 1) and 2) ontradit Lemma 8.
The following proposition gives a preise haraterization of the ongura-
tions of the orbit graph. Its proof is very tehnial as many dierent ases have
to be onsidered, but eah of them is solved quite simply using the previous
lemmas.
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Proposition 11. Consider n ∈ N and c ∈ G(n). Then c has a razed LR-de-
omposition.
Proof. Let n ∈ N, c = (c1, . . . , ck) ∈ G(n) and T (c) be the top of c. There are 4
ases, depending on the ardinality of T (c) (Lemma 10).
• If |T (c)| = 1, then by Lemma 9 any LR-deomposition of c into L(c) and
R(c) is razed (there are no additional plateaus in T (c)).
• If |T (c)| = 2, hoose L(c) = [1, t] andR(c) = [t+1, k]where T (c) = [t, t+1].
Sine c is LR-deomposable (Lemma 7), this is a valid LR-deomposition.
Again there are no plateaus in L(c) ∩ T (c) and in R(c) ∩ T (c), hene this
is a razed LR-deomposition (Lemma 9).
• If |T (c)| = 4, let t ∈ [1, k] suh that T (c) = {t, t+ 1, t+ 2, t+ 3}. Choose
L(c) = [1, t + 1] and R(c) = [t + 2, k]. Again, it is learly a valid LR-
deomposition. We prove that both L(c) and R(c) are razed. The plateau
T (c) an be obtained from the ongurations d ∈ G(n) suh that c = V ri (d),
i ∈ [t, t+ 3]:
 if i = t or i = t + 1; then di > di+1 < di+2, whih is not possible
beause of Lemma 7;
 if i = t + 3; dt = dt+1 = dt+2 < dt+3, whih is not possible beause
of Lemma 8.
 if i = t + 2; dt = dt+1 < dt+2 and beause of Lemma 9, L(d) =
[1, t+ 2] is razed sine L(d) ∩ T (d) = ∅. Therefore L(c) is razed as
L(c) = L(d) and for all i ∈ L(c), ci = di. For R(c), there are two
ases.
∗ Either ct+3 ≥ ct+4+2; then the plateau ct+2, ct+3 in R(c)∩T (c) is
separated from any other plateau in R(c) by the li at position
t+ 3, hene R(c) is razed.
∗ Or ct+3 = ct+4+1; then dt+2 > dt+3 = dt+4 and [t+3, k] is razed
in d. This means that if j ≥ t+ 4 is the lowest index suh that
dj = dj+1, there is a li somewhere at index h, t + 4 ≤ h < j
(Lemma 9). Hene this li is also in c, and there is no plateau
in c between t + 3 and h. Therefore the plateau ct+2, ct+3 is
separated from any other plateau in R(c) by the li at index h,
R(c) is razed.
Similar results hold if c = V li (d), i ∈ [t, t + 3]. Therefore there are only
two possibilities for d, and for both of them L(c) and R(c) are razed.
• If |T (c)| = 3, let T (c) = {t, t+ 1, t+ 2}. Suppose that X(c) = [t+ 1, k] is
razed, then let L(c) = [1, t] and R(c) = X(c). This is a LR-deomposition
of c (Lemma 7), it is razed beause L(c)∩T (c) is also razed (Lemma 9).
If X(c) is not razed, learly [t+ 2, k] is razed beause of Lemma 9. We
need to prove that Y (c) = [1, t+1] is neessarily razed. Let j ∈ [t+2, k] be
the lowest index suh that cj = cj+1. Remark that for all h ∈ [t+2, j−1],
ch = ch+1+1. If j = t+2, we are in the ase |T (c)| = 4, solved previously.
Otherwise, for any anestor d of c suh that c = V rh (d), h ∈ [t, j + 1], it
holds that
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 if h = t; dt > dt+1 < dt+2 whih is impossible beause of Lemma 7;
 if h ∈ [t + 1, j − 1]; dh > dh+1 = dh+2, from Lemma 9 this is not
possible;
 if h = j, dj−1 > dj < dj+1, Lemma 7 proves that it is impossible;
 if h = j+1, plateau at dj−1, dj , by indution (see proof of Lemma 9)
it leads to the ase |T (e)| = 4 for an anestor e of c, whih implies
that Y (c) is razed.
If d is suh that c = V lh(d), h ∈ {t, t+ 1, t+ 2, j + 1}, it holds that
 if h = t; dt > dt+1 = dt+2, by Lemma 9 this is impossible;
 if h = t+1; the proof is exatly the same as for the sub-ase i = t+2
of the ase |T (C)| = 4: Y (c) is razed;
 if h = t + 2 or h = j + 1; dh−2 > dh−1 < dh whih is impossible
(Lemma 7).
Therefore Y (c), X(c) is a valid razed LR-deomposition of c.
The onverse of Proposition 11 is proved using another tehnial lemma.
Lemma 12. Consider a onguration c, c 6= (n) for all n ∈ N, whih admits
a razed LR-deomposition. Then, there exists d suh that c ∈ f({d}) and d
admits a razed LR-deomposition.
Proof. Assume that c = (c1, . . . , ck) is suh that c 6= (n) for n =
∑k
i=1 ci.
Moreover, assume that c admits a razed LR-deomposition and denote it by
L(c) and R(c).
If L(c) = ∅, then if |R(c)| = 1, nothing an be done: this is the ase c = (n),
whih is not possible by hypothesis. Otherwise, build a onguration d as
follows: d1 = c1 + 1, d2 = c2 − 1 and di = ci for i ∈ [3, k]. Then, c = V r1 (d)
and L(d) = ∅, R(d) = R(c) is a razed LR-deomposition of d. Note that if
c2 = 1, d2 = 0 so d has length k−1. In that partiular ase, we dene L(d) = ∅,
R(d) = [1, k − 1].
If |L(c) = 1|, we have two ases. If c1 > c2, we ould have hosen L(c) = ∅
and R(c) = [1, k], ase solved previously. Otherwise, dene d suh that d1 =
c1 − 1, d2 = c2 + 1 and di = ci for i ∈ [3, k]. It holds that c = V l2 (d), and
L(d) = L(c), R(d) = R(c) is a razed LR-deomposition of d. Remark that if
c1 = 1, d1 = 0 so d has to be shifted by 1 to the left. In that partiular ase
also, we dene L(d) = ∅, R(d) = [1, k − 1] whih is a razed LR-deomposition
of d.
If |L(c)| > 1, then we have two ases.
• L(c) ontains at least one plateau: let i be the least index suh that
ci = ci+1. Dene a onguration d as follows: di = ci− 1, di+1 = ci+1 +1
and dj = cj for j ∈ [1, k] \ {i, i+ 1}. Clearly, c = V li (d) and L(d) = L(c),
R(d) = R(c) is a razed LR-deomposition by hypothesis. Again, if i = 1
and c1 = 1, d has to be shifted by 1. Let m = maxL(c), then L(d) =
L(c) \ {m}, R(d) = (R(c)∪{m}) \ {k} is a razed LR-deomposition of d.
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• L(c) ontains no plateau: dene a onguration d suh that d1 = c1 − 1,
d2 = c2 +1 and di = ci for i ∈ [3, k]. Clearly, c = V l2 (d), and L(d) = L(c),
R(d) = R(c) is a razed LR-deomposition of d. One more, if c1 = 1, let
m = maxL(c), L(d) = L(c) \ {m} and R(d) = (R(c) ∪ {m}) \ {k} for the
same result.
The next proposition proves that having a razed LR-deomposition is suf-
ient to belong to an orbit graph.
Proposition 13. If a onguration c admits a razed LR-deomposition, then
there is a n ∈ N suh that c ∈ G(n).
Proof. If c = (n) for some n ∈ N then we are done. Now, assume that c =
(c1, . . . , ck) is suh that c 6= (n) with n =
∑k
i=1 ci. Using Lemma 12, build a
sequene of ongurations d0, d1, . . . , dh, . . . suh that d0 = c, dh ∈ f¯ (dh+1) for
h > 0 and dh admits a razed LR-deomposition. Remark that this sequene
must be nite. Indeed, for all h ∈ N, by Lemma 4, E(dh+1) > E(dh) and, by
Lemma 3, E((n)) ≥ E(dh) if dh 6= (n). Therefore there is l ∈ N suh that
dl = (n), hene there is a path in G(n) from dl = (n) to d0 = c.
Beause of Proposition 11, any xed point Π of G(n) has very preise har-
ateristis. It admits a razed LR-deomposition L(Π), R(Π), and it has no
lis. Therefore, both L(Π) and R(Π) have at most 1 plateau sine they are
razed. Moreover, there may be another plateau at the juntion between L(Π)
and R(Π), i.e. at most 3 plateaus in Π.
The struture of the xed points is desribed on Figures 5. Figure 5(a)
represent the xed points Π suh that |T (Π)| = 1, Figure 5(b) is for the xed
points Π suh that |T (Π)| ≥ 2.
1 2
3
p
(a) Case |T (Π)| = 1.
1 2
p
(b) Case |T (Π)| ≥ 2.
Figure 5: Struture of the xed points.
3.3 A kind of magi
From Corollary 6, we know that for any n ∈ N, the onguration (n) leads to at
least one xed point. In this setion we ompute preisely the number of xed
points of SSPM with initial ondition (n).
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In order to understand how a xed point an be obtained, we try to give a
visual onstrution. Consider Figures 5. The n grains of the xed point must
be arranged in the grayed part and an partially oupy the dashed frame with
the supplementary onstraint that grains in the dashed part must be as muh
lustered to the ground as possible. Boxes labeled 1, 2 and 3 in Figures 5(a)
and 5(b) annot be lled (for more details see the proof of Lemma 14). Remark
that if p is the height of the grayed part, then this area ontains p2 grains in
Figure 5(a), and p2+p grains in Figure 5(b). Appendix A shows all the possible
xed points reahable from the initial ondition (n) for n ∈ [1, 32].
Lemma 14 will be the main tool that we use to ount the number of xed
points, it proves that the shapes outlined in Figure 5(b) desribe exatly all
the possible xed points. Let g1(n) be the numbers of xed points Π suh that
|T (Π)| = 1, and g2(n) the numbers of xed points Π suh that |T (Π)| ≥ 2.
Lemma 14. For any n ∈ N, onsider SSPM with initial ondition (n). The
number of xed points of G(n) is given by G(n) = g1(n) + g2(n).
Proof. Let n ∈ N, and Π be a xed point of (n). If |T (Π)| = 1, learly Π an be
onstruted as shown in Figure 5(a) (at most one plateau on the left and one
on the right). Moreover, it annot be onstruted from Figure 5(b) sine the
boxes at the top (labelled 1 and 2) are left empty.
If |T (Π)| ≥ 2, the xed point is not represented on Figure 5(a), sine the
boxes labelled 1 and 2 annot be lled. To show that it is onstrutible from
Figure 5(b), let L(Π) = [1, t] and R(Π) = [t + 1, k] be a razed deomposition
of Π = (Π1, . . . ,Πk). If Πt = Πt+1, ut Figure 5(b) in two parts at the middle
of the onguration. It is lear that L(Π) ts in the left part (at most one
plateau), and R(Π) ts in the right part for the same reason. If Πt = Πt+1 + 1,
T (Π) ⊂ L(Π). Cut Figure 5(b) in two parts, at the right of the two grains on
top of the grayed pile, L(Π) and R(Π) t. The symmetrial ase is similar.
Conversely, all the ongurations with n grains onstrutible from Figures 5
are learly xed points, are LR-deomposable, and hene are xed points of (n)
(Proposition 13). Therefore, the total number of xed points is the number of
ongurations onstrutible from Figure 5(a) plus the number of ongurations
onstrutible from Figure 5(b), i.e. G(n) = g1(n) + g2(n).
The two following lemmas give the exat expression of g1(n) and g2(n).
Lemma 15. For any n ∈ N, onsider SSPM with initial ondition (n). The
number of xed points of G(n) with top of length 1 is given by
g1(n) =


n− p2 + 1 if n− p2 ≤ p− 1 ,
2p− n+ p2 − 1 if p ≤ n− p2 ≤ 2p− 1 ,
0 otherwise,
where p is the unique integer suh that p2 ≤ n < (p+ 1)2.
Proof. For n ∈ N, onsider a xed point Π ∈ G(n). Sine by hypothesis |T (Π) =
1|, the overall struture is illustrated in Figure 5(a). As n is xed, we an
determine p: it is the unique integer satisfying p2 ≤ n < (p+1)2, i.e. p = ⌊√n⌋.
Now, let u = n−p2 be the number of grains left after having arranged the grayed
zone. Distributing these u grains onseutively and in all possible manners on
the borders of the grayed zone starting from bottom to top gives all possible
xed points (lemma 14). To be more preise we must distinguish three ases:
12
• 0 ≤ u < p: we put all u grains in the free boxes on the left, from bottom
to top; this gives a xed point. Then we put only u− 1 grains on the left
and 1 in the free box at the bottom on the right; this gives another xed
point. This proess is iterated until there are 0 gains on the left and u on
the right. It is lear that this proedure gives u+ 1 xed points.
• p ≤ u ≤ 2p− 2: we start by putting p− 1 grains in the free boxes on the
left, and the remaining u − p + 1 grains in the free boxes on the right,
starting from bottom to top; this gives a xed point. Then we put only
p−2 grains on the left and the u−p+2 remaining grains in the free boxes
on the right, proeeding from bottom to top; this gives another xed point.
Then, we an put p− 3 grains on the left and so on until there are p− 1
grains on the right. It is lear that (p− 1)− (u− p+ 1) + 1 = 2p− u− 1
distint xed points an be generated in this manner.
• u = 2p− 1 or u = 2p; then there are neessarily p grains on the left or on
the right, hene there is one grain in box 1 or 2 (Figure 5(a)). This should
not be allowed, as it would mean that |T (Π)| > 1, whih is not the ase.
In this last ase, there are 0 xed points.
Finally, remark that box number 3 is not taken into aount either, sine it
would mean that all dashed boxes are lled and therefore we would have hosen
p+ 1 as height of the pile instead of p.
Lemma 16. For any n ∈ N, onsider SSPM with initial ondition (n). The
number of xed points of G(n) with top of length bigger than 1 is given by
g2(n) =


n− p2 − p+ 1 if n− p2 − p ≤ p− 1 ,
p if n− p2 − p = p ,
3p− n+ p2 + 1 if p+ 1 ≤ n− p2 − p ≤ 2p+ 1 ,
where p is the unique integer suh that p2 + p ≤ n < (p+ 1)2 + (p+ 1).
Proof of 16. The proof is similar to the one of Lemma 15. For n ∈ N, onsider a
xed point c ∈ G(n). By hypothesis |T (c)| ≥ 2, therefore the overall struture is
the one illustrated in Figure 5(b). Sine n is xed, we an determine p: it is the
unique integer satisfying p2+p ≤ n < (p+1)2+(p+1). Let v = n−p2−p be the
number of grains left after having arranged the grayed zone. Distributing the v
grains in all possible ways gives the number of xed points Π with |T (Π)| ≥ 2
(Lemma 14). Again, we must distinguish three ases:
• 0 ≤ v < p: we put all v grains in the free boxes on the left from bottom
to top; this gives a xed point. Then we put only v − 1 grains on the left
and 1 in the free box on the right at the bottom; this gives another xed
point. This an be iterated until there are 0 grains on the left and v on
the right. It is lear that this proedure gives v + 1 xed points.
• v = p: again, we an put p grains on the left, 0 on the right and so on
until there are 0 on the left, p on the right. Therefore there should be
p + 1 xed points, but in fat the rst one and the last one are exatly
the same: top of length 3, and no plateaus. What happens is that the
referene olumn is not at the same position, it is shifted by one, whih
does not matter. This is the only ase of dupliated xed point.
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• p < v ≤ 2p+ 1: we start by putting p grains in the free boxes on the left,
and the remaining v−p grains in the free boxes on the right, starting from
bottom to top; this gives a xed point. Then we put only p− 1 grains on
the left and the v − p+ 1 remaining grains on the free boxes to the right,
proeeding from bottom to top; this gives another xed point. We proeed
until there are p grains on the right, it is lear that p−(v−p)+1 = 2p−v+1
distint xed points an be generated in this manner.
Remark that boxes at the top of the dashed pile must not be taken into aount
in the omputation of the number of xed points for it would mean that all
dashed boxes are lled and therefore we would have hosen p + 1 as height of
the pile and not p. Moreover, if only one of them is lled, we generate a xed
point already ounted in Lemma 15 (top of length 1).
The following proposition gives a losed formula for the number of xed
points in the orbit of initial ondition (n). The formula is somewhat magial
sine it is very simple but we have neither pratial nor visual explanation for
it.
Proposition 17. For any n ∈ N, onsider SSPM with initial ondition (n).
The number of xed points of G(n) is given by G(n) = ⌊
√
n⌋.
Proof. Let n ∈ N and p = ⌊√n⌋ the only integer suh that p2 ≤ n < (p + 1)2,
there are three ases whih orrespond to the ases of Lemmas 15 and 16.
• If p2 ≤ n ≤ p2 + p − 1; then (p − 1)2 + (p − 1) ≤ n < p2 + p. This is
ase 1 for Lemma 15 and ase 3 for Lemma 16, hene from Lemma 14,
G(n) = [n− p2 + 1] + [3(p− 1)− n+ (p− 1)2 + 1] = p = ⌊√n⌋.
• If p2 + p ≤ n ≤ p2 + 2p− 1; we are in ase 2 of Lemma 15 and ase 1 of
Lemma 16, hene from Lemma 14, G(n) = [2p−n+p2−1]+[n−p2−p+1] =
p = ⌊√n⌋.
• If n = p2+2p, this is ase 3 for Lemma 15 and ase 2 for Lemma 16. From
Lemma 14, we nd G(n) = 0 + p = ⌊√n⌋.
Remark that it would also be possible to give the exat expression of eah
of these xed points, but it would be omplex and of no interest here. To have
an idea of what they look like, please refer to Appendix A.
Finally, remark that we did not take into aount the initial position of the
olumns. For the same xed point, there may exist dierent xed points whih
have the same shape, but at dierent indies. In this paper we do not onsider
this fat, we only take into aount the general shape of the ongurations.
4 Conlusions and future work
In this paper we have introdued SSPM: a symmetri version of the well-known
SPM model. We have proved that SSPM has xed point dynamis and exhibited
the preise struture of the xed points whih are in the orbit of initial ondition
(n). Moreover, we showed a simple losed formula for ounting the number of
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distint (i.e. having dierent shape) xed points. Remark that this result is
surprising sine the ombinatorial omplexity of the orbit graphs beomes higher
and higher when the number n of grains grows. This omplexity ontrasts with
the simpliity of the formula for the number of xed points: ⌊√n⌋. Moreover,
this formula is to some extent fasinating: although it is very simple, we have
neither a pratial nor a visual explanation for it.
This researh an be ontinued along three main diretions:
• Corollary 6 says that, starting from any initial onguration, SSPM has
xed point dynamis. Can we give a formula or at least tight bounds for
the shortest path to a xed point? For the longest?
• Setion 3.2 gives a preise haraterization of orbit graphs for initial on-
ditions made of one single olumn. It would be interesting to extend this
haraterization to more general initial onditions or at least to nd an
alternative haraterization.
• The model we introdued is intrinsially sequential: only one grain moves
at eah time step. It would be interesting to introdue a model similar to
SSPM but with synhronous update. This would be even more realisti
than SSPM for the simulation of natural phenomena.
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A Fixed points of (n) for 1 ≤ n ≤ 32
n = 1 n = 2 n = 3 n = 4
n = 5 n = 6 n = 7 n = 8
n = 9 n = 10 n = 11 n = 12
n = 13 n = 14 n = 15 n = 16
17
n = 17 n = 18 n = 19 n = 20
n = 21 n = 22 n = 23 n = 24
n = 25 n = 26 n = 27 n = 28
18
n = 29 n = 30 n = 31 n = 32
19
OU
